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WHY DOES EVOLUTION MATTER?
CLASS 3: EVOLUTION, SCIENCE AND TECHNOLOGY

In the past two classes, we have looked at evolution in the past, but now it’s time to turn 
to the future: this class is all about evolution in science and technology. We will look at 
the evolution of flying and airplanes, brain development and artificial intelligence, and 
the evolution of consciousness itself. In this class, we will take what we have learned about 
how evolution works and apply it to subjects in the sciences to see where we might be 
going as well as where we have come from. You’ll have the chance to consider these 
topics in your own competition entries—and remember, top entries have the chance to 
win prizes!

Keep in mind you are not expected to read every class cover to cover: we’ve provided lots 
of links to further reading and extra material, but you are welcome to focus on what is 
most interesting to you!

COMPETITIONS & PRIZES

For full details on all competitions, including instructions for submitting 
your entry, please see the Competitions page of the Year 11 section 
on Inspire Digital.

The deadline for all competition entries in this class is 5pm on 29 March 
2021.
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HOW DID BRAIN DEVELOPMENT EVOLVE 
TO PRODUCE THE HUMAN BRAIN?

How could evolution produce a highly complex, efficient and 
still-evolving structure such as the human brain? In this article 
we look at the evolution of the brain across humans as well 
as other creatures to begin solving this mystery.

Charles Darwin stated, “community in embryonic structure 
reveals community of descent.” Thus, to understand how 
the human brain emerged during mammalian evolution 
we need to understand the evolution of the development 
of the nervous system that produced our brain and in par-
ticular the enlarged cerebral cortex. 

The adult mammalian brain contains millions of neurons 
that are interconnected with billions of connections with 

trillions of connectivity. Not all brains look the same; see 
Figure 1 or take a look at the Neuroscience Library. 

Some brains are folded others are smooth, but all mammals 
have six layered cerebral cortex. Other vertebrates (turtle, 
iguana, crocodile, see Figure 2) do not have six layered cortex. 

Reptiles and birds have no six-layered cortex, but they have 
an enormous dorsal ventricular ridge. They follow a differ-
ent brain organization strategy. They can perform extreme-
ly well with such structures; see this video on cognitive 
functions of a crow.

How do these differences in brain organization emerge? 
Evolution acts on the level of populations, it builds on in-
dividual variability and modifications of development that 
will produce altered adult structures and these will be 
tested and selected on population level. Evolution does 
not work as it is portrayed in the “Right here right now” (Below) Figure 1: Brains come in different shapes and sizes. 

Image is the courtesy of Katja Heuer and Roberto Toro from 
https://doi.org/10.1016/j.cortex.2019.04.011. 

(Above) Figure 3: The “Right here right now” video by 
FatboySlim portrays a single individual transforming 
from one adult structure into another during its life. It 
demonstrates almost all misconceptions we can have 
on evolution. The music is OK.

(Above) Figure 2: On the cross sections of four different brains 
I demonstrate the spectacular differences between forebrain 
organization in A: marsupial, Native Cat, B: Turtle, C: Iguana, D: 
Crocodile. Note the thicker dorsal cortex in marsupial (A) and 
the huge ball-like structure in B-D protruding into the lateral 
ventricle. Abbreviations: ST, striatum; MC, medial cortex; LC, 
lateral cortex; S, septum; DVR, dorsal ventricular ridge). 

video by Fatboy Slim which demonstrates almost all mis-
conceptions one can have on evolution.

How are neurons produced in our brain? How did 
neuronal production evolve? What are the differences 
between a mammal and a reptile or a bird?
Almost all of our neurons for our cerebral cortex are born 
with us. They are results of neuronal progenitor divisions 
during our embryonic life. Our nerves system starts as a 
plate that will form a tube with an inner and outer suface 
(Figure 4). Since the ventricles are inside the brain, these 
are called ventricular surface. The outer surface is covered 
with the basal membrane and the pia mater; therefore, it 
is called pial surface. Cell divisions occur in ventricular or 
apical surface of the neuroepithelium. 

Germinative zones in the pallium of amniote brains display 
strong conservation prior neurogenesis. However, as soon 
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as neurogenesis starts, pallial neural stem cells in amniotes 
show regional variations and a general trend to diversify. 
A diverse and densely-populated embryonic progenitor 
pool feeds the increased demand in neuronal number of 
the embryonic brain, as a more elaborated hardware is 
required for complex information processing. Large brains, 
populated with more diverse neuronal populations that 
could assemble in complex circuits enabled the behavioral 
complexity with advantages, and this has only been achieved 
by diversification and amplification of output from pro-
genitors. We postulate that these divergences were likely 
initiated by disparities in the graded expression of mor-
phogenic factors from the telencephalic signalling centers. 

Variations in the development of the neural tube enabled 
the production of the six-layered cerebral cortex or also 
called neocortex and this enlarged in primates (Figure 5). 
It is surprising that accumulation of subtle modifications 
from very early brain development accounted for the di-
versification of vertebrate brains and the origin of the ne-
ocortex. 

Initially, faint differences of expression of secretable mor-
phogens promote a wide variety in the proportions and 
organization of sectors of the early brains in different ver-
tebrates. It prompted different sectors to host varied pro-
genitors and distinct germinative zones. These cells and 
germinative compartments generate diverse neuronal 
populations that migrate and mix with each other through 
radial and tangential migrations in a taxon-specific fashion. 
Together, these early variations had a profound influence 
on neurogenetic gradients, lamination, positioning, and 
connectivity. 

It is fascinating to explore the evolutionary path of the 
brain of reptiles, birds and mammals, by comparing the 
developmental themes and variations that led to the build-
ing of the vertebrate brain, with a detailed attention to the 
cerebral cortex. Variations from early neurogenic stages 

(Above) Figure 4: The production and assembly of neuronal 
circuits are different in the avian (A) and mammalian (B) brain. In 
the avian pallium, different sectors contain different progenitors 
that produce different elements. In mammals the diverse elements 
of the functional columns are produced within the same sector of 
cortical neuroepithelium. In avian brains the neurons that 
assemble into functional units organized perpendicular to 
boundaries of initial subdivisions. In mammalian cortex the 
distinguishable radial columns are formed. Mammalian neurons 
form columns that extend across the layers of the cerebral cortex 
perpendicular to the pial surface.

(Left) Figure 5: There is a strong correlation between the increase 
of upper layer complexity and the increase of progenitor 
populations between lizard (A) mouse (B) and monkey (C). The left 
panels depict the distribution of progenitors (pink and yellow) and 
the right panels represent the layering in the adult. Note the 
increase in the complexity of upper layers is accompanied with the 
increase of the progenitor pool during development.
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had a cumulative influence similar to a snowball effect, 
and were the main cause of vertebrate brain diversifica-
tion. Cell variety increased by segregating neurogenesis in 
space and time. The novel progenitor cells produced more 
numerous and more diverse neurons, which located and 
connected in different manners partly due to additional 
contributions of novel migrations of neuronal populations. It 
is fascinating how evolution could produce such a highly 
complex and efficient and still evolving structure, our brain.

Figure 6: Daniel Dennett: Information, Evolution, and intelligent Design

All this evolutionary process that was not directed, not 
aiming for any particular organization and took millennia 
may sound surprising, but it is explained by Daniel Dennett 
in a brilliant lecture on Information, Evolution, and intelli-
gent Design. This will put the above proposed cellular and 
molecular changes into context.

The developmental sector that produce the mammalian 
neocortex is well identified in mammals and its homologs 

are also known across vertebrates. This sector evolved its 
divergent relevance due first to the varied power of sign-
aling centres during development. The differences in size 
and the action of morphogens promoted the appearance 
of new precursor cell types. As a consequence, divergent 
and more populated germinative zones appeared across 
embryonic brains. Accompanied by novel cell populations, 
which can also migrate from external sources, the brain 
evolved to diversify the neuronal production. All these 
evolutionary variations, together, enabled the variation of 
development that enabled the production and existence 
of the neocortex. We are beginning to discover these cel-
lular and molecular factors in a range of animal models. 
However, much more detailed lineage studies are required 
to map out the homology of brain structures and unrave-
ling the evolutionary history of our own brains.

If you are interested in this topic, you can watch a lecture 
from Zoltán on YouTube.

Professor Zoltán Molnár, 
Tutorial Fellow in Human Anatomy
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Over the course of billions of years, evolution has created many forms of intelligent life. 
Migrating birds and butterflies can find their way over thousands of miles. Pets know exactly 
how to play their owners for food and attention. And humans have built sophisticated tools 
and machines that compensate where we lack in physical ability and allow us to live almost 
anywhere in the world and even land on the moon. 

All of this happened incrementally, with each new species and generation changing how 
they could behave in their environment. But thanks to recent advances in technology we can 
now create entirely artificial, intelligent systems that some fear may even prove dangerous to 

IS YOUR COMPUTER MORE 
INTELLIGENT THAN YOU?

The principles of evolution can help us to understand change beyond the perspectives of Biology 
and Geology. For example, evolution can tell us a lot about how computers and artificial intelli-
gence are developing now, and where they may be going in the future.

us as a species in a few decades’ time. But how do we even know what in-
telligence is?

Imagine this: In 30 years you will be chosen to decide if we have truly 
developed a super-human artificial intelligence. Would an IQ test do? How 
would you decide if a work of art was created by a human or a robot? How 
would you know you are in a conversation with a human and not Siri? In many 
ways, deciding if an animal is intelligent is very similar to this problem. Would 
you agree that cats, dogs, and dolphins are smart, but flies, fish, and snails 
are not? Why? What behaviour do they show that is missing from today’s 
computers?

Let us try to narrow this down a little bit and start with abilities that are 
super-human but which few people would call intelligent. For example, a 
computer can calculate 321 x 134 in a matter of milliseconds. Your phone 
can give you directions to almost any point in the world. And artificial neural 
networks can create shockingly realistic images of landscapes and people 
that do not exist (see links on the following page). The problems we can solve 
with these tools are arguably very complex and would take considerable 
amount of time and skill for humans to solve, but do not necessarily require 
intelligence. Similarly, the fact that birds can fly, fish can live in water, and 
leopards can run extremely fast does not make us think they are more intel-
ligent than us, even though they can do things that humans cannot. 

It gets a little more complicated when we look at some more recent ad-
vances in AI: The London-based company DeepMind has built AI systems that 
can beat even the best human players at difficult strategy games such as 
Chess, Go, or the computer game StarCraft (see link to video on the following 
page). This already comes a little closer to what we might require from an 
intelligent agent: to have the ability to act and react. Perhaps what we mean 
by intelligent behaviour is not any particularly high level of performance, but 
flexibility, goal-directedness, and the ability to create something new out of 
old parts. This is what researchers call Artificial General Intelligence, or AGI. 
Arguably, we are still quite far away from achieving this. 

This endeavour involves scientists from almost any discipline, for example 
computer science, psychology, neuroscience, philosophy, or economics. You 
may be surprised to see psychology and neuroscience in this mix. They play 
an important role because they tackle some of the questions discussed above 
head on and try to understand how particular biological systems can be in-
telligent. Their insights can then be used to improve artificial systems. In fact, 
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What could be the dangers and benefits of building an artificial gen-
eral intelligence? How might such a system react if you want to unplug 
it? Write a 500-word essay in which you consider these questions.

COMPETITION 7: 
ARTIFICIAL INTELLIGENCE

CLICK HERE TO SUBMIT 
YOUR ANSWER

the co-founder and CEO of DeepMind, Demis Hassabis, holds a doctor-
ate in cognitive neuroscience. Similarly, tools from AI have helped us 
better understand the human brain and the sophisticated behaviours it 
can produce. 

Much ground-breaking work remains to be done – would you con-
sider studying one of the disciplines involved? Which one?

Dr Keno Juchems, Junior Research Fellow in Psychology at St John’s College

EXPLORE THE SUBJECT FURTHER...
When might we see an artificial general intelligence?

“How to build a brain from scratch”: material of an Oxford 
Experimental Psychology undergraduate course by Prof Sum-
merfield

Could you tell that a computer generated these people  or 
these artworks?
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HUMAN CONSCIOUSNESS 

What is consciousness? The notion of consciousness is one of science’s big 
mysteries, and in this article we will begin to explore what we do know about 
what consciousness is, how it evolves and how it affects our daily realities.

The mystery of human consciousness has plagued the minds of scientists 
and philosophers alike for centuries and remains one of the most incomplete 
areas of scientific research to date. Famously, the French philosopher Descartes 
once said, ‘I think, therefore I am’, capturing an idea that would drive research 
forward for many centuries to come, the idea that consciousness, broadly 
defined as the ‘mind’s subjective experience’, is a defining feature of our ex-
istence. Everything, from the taste of coffee on a cold winter's morning, to the 
sense of pride you feel when you excel in an exam, to the knowledge you’ll 
gain from reading this article, is consciousness. How, then, does the brain, the 
most complex piece of active matter in the known universe, turn its electrical 
activity into the feeling of life itself?

Although the emergence of consciousness on the evolutionary timeline is 
unclear, it is widely accepted that the existence of a sufficiently complex com-
munication system is necessary for its existence. In biology, this communication 
system often takes the form of a nervous system, and in our case, a brain. The 
idea that the brain acts as the seat of consciousness does not seem revolution-
ary. Yet, it is less obvious that it might first appear. After all, many internal 
organs, such as the liver, contain excitable tissues, much like the brain. Our 
digestive system is host to its very own enteric nervous system, consisting of 
~150-200 million neurons, and yet we do not ‘experience’ digestion in the same 
way as a lengthy dog walk, for example. In fact, large amounts of excitable 
neural tissue, such as that of the spinal cord and cerebellum, are essentially 
redundant when it comes to the generation of human consciousness. Quadri-
plegic patients, suffering from full body paralysis induced by trauma of the 
spinal cord, often retain an entirely normal consciousness despite loss of con-
scious motor control below the injury.

So, which regions of the brain are necessary for consciousness? All available 
evidence points to key involvement of the cerebral cortex – the outer surface 
of the brain. It is a laminated sheet of intricately interconnected nervous tissue, 
the size and width of a 14-inch pizza. Two of these sheets, highly folded, along 
with their hundreds of millions of wires – the white matter – are crammed into 
the skull. Recently, scientists have investigated the contribution of different 

cortical regions to consciousness by electrically stimulating the surface of the brain in live, 
conscious patients. During the activation of different cortical regions, patients reported a di-
versity of distinct sensations and feelings, including flashes of light, geometric shapes, distor-
tions of faces, auditory or visual hallucinations, a feeling of familiarity or unreality, the urge to 
move a specific limb, and so on. Although consciousness is dependent on the cumulative ac-
tivity of the entire cortex, one region appears to stand out: the ‘posterior hot zone’. Activity 
in this area of cortex, located at the back of the brain, is normally associated with visual pro-
cessing and sensory integration, but may also qualify as the minimal requirement for the 
generation of human consciousness. Further research will be necessary to tease apart the contri-
bution of this area to different aspects of consciousness, such as how we see, think and feel.   

Although the cortex may have all the pieces of the ‘puzzle’ of human consciousness, it 
requires another region of the brain to put them together. This coordination is provided by 
the thalamus, which acts as a ‘relay centre’ for neural information, conveyed through innu-
merable synapses connecting neurons to each other. The importance of this connectivity could 
help explain how human consciousness develops during the transition to adulthood. Although 
human foetuses can react to sensory stimuli, and even exhibit the ability to alter their facial 
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expression, these responses are likely pre-pro-
grammed, and of a subcortical origin. Even after birth, 
infants display only a minimal level of consciousness. 
However, during postnatal development, the brain 
undergoes enormous change, and as it matures, so 
does the consciousness it gives rise too. A burst of 
growth dramatically enhances connectivity between 
structures in the brain, giving rise to essential routes 
of communication between the thalamus and cortex 
known as ‘thalamocortical connections’ – an impor-
tant step towards the generation of complex con-
sciousness seen in adults. At the same time, these 
connections are refined during a process known as 
‘synaptic pruning’, continuing well into adolescence, 
in which unnecessary connections between struc-
tures within the infant brain are eliminated, much 
like a potter who continually adds and strips away 
unnecessary clay from their sculpture to create the 
perfect shape. 

As well as the maturation of our consciousness 
during our transition into adulthood, our subjective 
experience of the world constantly fluctuates on a 
24-hour cycle. Every night, all humans feel the need 
to crawl into bed, close their eyes, and fall uncon-
scious – the need to sleep. Curiously, in certain phases 
of the sleep cycle, neural activity begins to resemble 
that of an awake human. Magnetic scanning of the 
human brain during sleep has showed that the pos-
terior hot zone ‘lights up’ during dreaming, suggest-
ing that a basic level of consciousness can be experi-
enced during certain stages of sleep. The functional 
benefits of dreaming, in which we consciously per-
ceive a world constructed from our own memories 
and imagination, often extending beyond the realms 
of physiological realism, are unknown. Some believe 
that dreaming provides a way of consolidating our 

subjective experience of the past period of wakefulness 
or even regulate our mood, whilst others believe it is 
simply a restorative process necessary for the maintenance 
of normal activity in the brain. 

Whilst the loss of consciousness during sleep is almost 
certainly followed by the regaining of consciousness in 
healthy humans, the same cannot be said for some pa-
tients. Severe brain trauma can lead to patients ex-
isting in non-communicative states – ‘comas’ – in 
which their ability to engage in any physical 
movement is massively compromised. Yet, 
some of these patients retain their con-
sciousness. Trapped in their own bodies, 
these patients become ‘locked-in’, ca-
pable of hearing, seeing and feeling, 
but without the capacity to respond. 
Discerning how conscious these pa-
tients are is essential when consid-
ering how to manage their long-term 
healthcare. One pioneering tech-
nique involves creating electrical ‘ech-
oes’, which can be recorded as they 
pass through different regions of the 
brain. When patients are unconscious, 
during dreamless sleep, for example, the 
echoes that are produced are simple. But in 
the conscious brain, the echoes are complex and 
spread widely over the surface of the cerebral cortex. In 
the future, by comparing the complexity of these echoes, 
we may be able to determine whether patients are ‘locked-
in’, or truly unconscious. Similarly, the need to reliably 
detect how consciousness is altered in patients under gen-
eral anaesthesia is becoming increasingly urgent. Every 
year, thousands of patients become conscious while under 
general anaesthesia, known as ‘dysanaesthesia’, during 
live surgical operations. They cannot move or speak, but 
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they might be able to hear voices or equipment noises, 
and to feel pain. The experience can be traumatic and is 
fraught with ethical and legal ramifications for the doctors 
who are caring for them. By monitoring changes in their 
consciousness, doctors may be able to develop methods 
of communicating with unresponsive patients, as well as 
ways of looking for signs of discomfort in such people. 

Clearly, the mystery of human consciousness is still very 
much a mystery. But there is one thing we can be certain 
of: consciousness is not static – it evolves. Our conscious-
ness is malleable. As well as its Darwinian evolution, con-
sciousness evolves as we grow into adults, it wanes and 
ebbs as we sleep, and it can be snatched away in dramat-
ic fashion as we fall to general anaesthesia or brain injury. 
As our technology advances and human consciousness 
becomes increasingly relevant to clinical practice, research 
will continue to unravel the neurobiology of consciousness, 
and how a 3-pound lump of grey matter, floating in a bony 
cage of fluid, can give rise to the essence of life itself.

Tom Johnson, 4th year Medicine student at St John’s College

FURTHER RESOURCES

Lovely, well-illustrated 
introduction to human 
consciousness, 
provided by TED-Ed. 

An interesting overview 
of the problem of 
human consciousness by 
The Economist on 
YouTube. It effectively 
introduces some key 
scientists/ philosophers 
in the field and their 
take on the matter.

Advanced (lengthy) lecture 
into the role of the brain in 
the generation of 
consciousness, presented by 
Christof Koch (Chief Scientist 
and President of the Allen 
Institute for Brain Science).

‘How to make a consciousness 
meter’, written for Scientific 
American by Christof Koch. 
The article offers an insight 
into the latest research into 
the creation of a 
‘consciousness meter’ for 
measuring consciousness in 
a medical setting. 

WELCOME TO OXPLORE!
Oxplore is an innovative digital outreach portal from the University of Oxford. As the ‘Home of Big Questions’ it 
aims to engage those from 11 to 18 years with debates and ideas that go beyond what is covered in the classroom. 
Big questions tackle complex ideas across a wide range of subjects and draw on the latest research undertaken 
at Oxford. Click these links to start exploring some Big Questions...

Could we end disease? Is a robot a person? Is the Internet bad?

DID YOU ENJOY THIS ARTICLE?

You might be interested in the following course 
we offer at St John’s...Psychology

Hear from a St John’s student about studying 
Psychology by clicking the link below...

https://sjcinspire.com/students/year-11-inspire-programme/
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https://www.youtube.com/watch?v=ir8XITVmeY4&t=590s
https://www.youtube.com/watch?v=ir8XITVmeY4&t=590s
https://www.youtube.com/watch?v=QhaDum9StNE&t=145s
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https://alleninstitute.org/media/filer_public/3e/7a/3e7aabb0-5da7-4915-b4b6-2aa896c8faee/2017_11_howtomakeaconsciousnessmeter.pdf
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https://www.sjc.ox.ac.uk/study/undergraduate/subjects/psychology-and-joint-schools/
https://www.youtube.com/watch?v=zingB4Rs9IM&feature=emb_logo
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ADDICTION 
In previous articles in this class, we have learned about some 
of the many mysteries around the workings of the human 
brain. In this article we will examine a slightly more well-un-
derstood change that can happen in the brain: addiction. 

Addiction, when a behaviour becomes compulsive despite 
negative consequences, is a chronic disease which involves 
changes in the way the brain processes reward, motivation 
and memory. These changes take place across the whole 
brain, but perhaps the most well-understood part of this 
is the changes that take place in the basal ganglia, one of 
the most evolutionarily ancient parts of the brain that pro-
cesses behaviour and reward, among other things.

The basal ganglia uses dopamine to encode when it detects 
a new reward, sending a bigger signal if the reward is more 

exciting, or if the reward is more unexpected. These signals 
create lasting changes in the brain - so if a behaviour gen-
erates a reward, the neural circuitry which triggered that 
behaviour is reinforced, so we are more likely to do it again. 
This applies to many behaviours: when eating nice food, 
a reward signal is generated, and we learn the behaviour 
of eating that food; when playing computer games, 
achievements trigger reward signals that make us want to 
continue playing. The reverse also applies - if we experi-
ence something negative, the dopamine signal in the basal 
ganglia is reduced, leading us to unlearn that behaviour 
- for example, if you eat a food you find disgusting. Many 
types of recreational drugs and alcohol also stimulate do-
pamine release in the basal ganglia directly (rather neces-
sarily by triggering a sense of reward), meaning that we 
can learn these behaviours in the same way.

When we begin to learn these behaviours, they are impul-
sive - in that we consciously decide we want to do them, 
and then do them - however, they have the potential to 
become compulsive behaviours, which we perform with-
out thinking about them. This occurs when the learning 
of the behaviour becomes too strong because too much 
dopamine signalling has occurred. This change is a result 
of many factors including rewiring of the circuitry of the 
brain and how it processes and prioritises information as 
a whole that can be seen on fMRI scans, right down to 

changes in cellular structure, and even changes in the 
epigenome which influences how our DNA is read to 
program our cells. The brain essentially undergoes 
changes from the very smallest levels to the very high-
est, and the brain’s processing becomes disproportion-
ately focussed on these compulsive behaviours, as we 

become entirely addicted to that behaviour, be it drugs, 
alcohol, computer games, or even in some cases exercise! 
This effect is so strong that if you give rats a button they 

can press to release dopamine in their basal ganglia, they 
will press it without eating or sleeping until they die. We 
can even lose our ability to respond to other things which 
would normally be enjoyable, which can lead to some ad-
dicts starving to death because their brain no longer pro-
cesses hunger and food reward response normally.

Another problem is that stopping of these behaviours re-
sults in negative effects, which means our basal ganglia 
interprets stopping addictive behaviours as a negative. 
Drug withdrawal, or boredom or anger when you cannot 
play your computer game are examples, which would re-
duce the dopamine levels in your basal ganglia, and would, 
therefore, program stopping computer games, or stopping 
taking drugs as negative behaviour which your brain tries 
to unlearn. This is one of the reasons that addictions are 
so hard to break.

Greg Howgego, 4th year Medicine student at St John’s College

LOOKING FOR A NEW 
PODCAST TO GET STUCK INTO?
The University of Oxford provides a huge variety of 
podcasts on every topic imaginable, from cut-
ting-edge scientific research to exciting events hap-
pening now at the university. You can find these on 
the University website or on Apple Podcasts. Here 
are a few of our favourites:

Secrets of mathematics
Futuremakers
Big questions with Oxford Sparks

Subjects covered: 
Medicine, Psychology

Click here to read this 
article on Inspire Digital!
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Consider a fictional disease called ‘DISEASE X’ which is passed on genetically. 
You only develop the disease if you have two copies of the gene (i.e. AA). The 
other harmless version of the gene is labelled B. If you develop the disease, you 
are unable to have children. 

Part 1: If your parents both have only one copy of the gene – so they both have 
AB – what is the probability that you inherit the disease?

Part 2: If the prevalence of the gene in the general population is 20%, and you 
have one copy – so you have AB – what is the probability that your child devel-
ops the disease?

Part 3: If you select two people at random from the general population, what 
is the chance that their child will develop the disease?

Part 4: If you are a carrier of the gene (you have only one copy of it, i.e. you are 
AB), what is the chance that it is passed onto your offspring and continues in the 
population (i.e. your children are also carriers)? 

Part 5: Finally, if you are a carrier of the gene, what is the probability that your 
grandchildren are also carriers? Assume that the prevalence of the gene in the 
general population stays at 20% in your children’s generation. 

Try to answer as many of these questions as possible. Your competition entry 
should show the work you did to arrive at your answers. We are happy to accept 
typed work as well as photos or scans of handwritten work, as long as this is 
clearly legible.

COMPETITION 8: 
EVOLUTION PUZZLES

CLICK HERE TO 
SUBMIT YOUR 

ANSWER

THE MATHEMATICS OF 
NATURAL SELECTION

How do we use mathematics to study natural selection? In this article, we will derive 
equations that will help us to calculate the probability of a gene being passed down 
in a population. You’ll even get the chance to try these equations out for yourself!

The mathematics of natural selection 

Subjects covered: Mathematics 

Click here to read this article on Inspire Digital! [link will be inserted later] 

 

 

 

 

 

 

 

 

 

 

 

 

 

How do we use mathematics to study natural selection? In this article, we will de-
rive equations that will help us to calculate the probability of a gene being passed 
down in a population. You’ll even get the chance to try these equations out for 
yourself! 

 

 

 

 

A very simple model will show 
how to begin using mathematics 
to study natural selection. Sup-
pose a human-like organism has 
a single locus with two alleles, 𝐴𝐴𝐴𝐴 
and 𝐵𝐵𝐵𝐵, and call the frequencies 
𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴 and 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵, so 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵  =  1.   

If the population is large and 
random-mating, then the fre-
quencies of the diploid genotypes 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 and 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 will be 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴2, 
2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵 and 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵2 . That is because 
the chance of the each gamete 

that forms you being 𝐴𝐴𝐴𝐴 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴: to become 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, you need that to happen twice. The 
multiplicative law of probability says that two independent events happen with 
the product of the separate probabilities: the assumption of random mating 
makes the events independent, so we find the chance of being 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴2. But 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 
can be formed by 𝐴𝐴𝐴𝐴 from Mum, 𝐵𝐵𝐵𝐵 from Dad (probability 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵) or 𝐴𝐴𝐴𝐴 from Dad, 𝐵𝐵𝐵𝐵 
from Mum (also probability 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵), and the additive law of probabilities says that 
the probabilities of two disjoint events just add up, so the chance you're 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 is 
2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵. These results are part of the so-called Hardy-Weinberg theorem. 

The next step is to realise that natural selection is about 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴 and 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵 changing over 
time, and so we need to introduce notation for that. Assume time is discrete, so 
can take values 𝑡𝑡𝑡𝑡 =  0, 1, 2, 3, … and think of them as separate generations. Let's 
agree that 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  is the probability that if you randomly select an allele at time 𝑡𝑡𝑡𝑡, it 
is an 𝐴𝐴𝐴𝐴. Similarly for 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  is the probability that if you randomly select an allele at 
time 𝑡𝑡𝑡𝑡, it is a 𝐵𝐵𝐵𝐵. We know that for each 𝑡𝑡𝑡𝑡, 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 = 1.  

Where does selection come in? We have to assume that the genotypes 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 
and 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 have different numbers of offspring. We'll take a very simple case where 
𝐴𝐴𝐴𝐴 is dominant, so 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 have the same phenotype, while 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 is different. 

Subjects covered: 
Mathematics

Click here to read this 
article on Inspire Digital!
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    (1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2                                                                 (expand out the brackets) 

= 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 2𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2                                                                (rearrange the terms) 

=  𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡  +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2  +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�      (𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2  is the total frequencies of 

+                                                                                        alleles in the population at time 𝑡𝑡𝑡𝑡. This adds to 1)

=  1 +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                       (take out a factor of 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡) 

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  +  2𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                    (remember 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 = 1)

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡� 

This shows that the factor of 𝑢𝑢𝑢𝑢 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡), so the chances of a random gam-
ete (allele) coming from the three genotypes are: 

 

 

Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 

comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨   

(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)

  
𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

 

In order to then work out what the chances that a random gamete is 𝐴𝐴𝐴𝐴 we must 
calculate the chance that each parental genotype (𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 or 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵) gives an 𝐴𝐴𝐴𝐴. An 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 parent gives 𝐴𝐴𝐴𝐴 with probability 1, an 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 parent with probability 1/2, and a 
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 parent never provides an 𝐴𝐴𝐴𝐴. Therefore: 

The chance of an allele in the next generation  (𝒕𝒕𝒕𝒕 + 𝟏𝟏𝟏𝟏))  being an  𝑨𝑨𝑨𝑨  (i.e.  𝒑𝒑𝒑𝒑𝑨𝑨𝑨𝑨𝒕𝒕𝒕𝒕+𝟏𝟏𝟏𝟏)  

 

And let's suppose that 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 has two offspring on average while 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 have 
2(1 + 𝑢𝑢𝑢𝑢).  

 

𝑢𝑢𝑢𝑢 is the selective advantage: if 𝑢𝑢𝑢𝑢 =  0,𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 are the same; if 𝑢𝑢𝑢𝑢 >  0,𝐴𝐴𝐴𝐴 is ad-
vantageous; if 𝑢𝑢𝑢𝑢 <  0,𝐴𝐴𝐴𝐴 is disadvantageous. Note we assume that 𝑢𝑢𝑢𝑢 > −1.  
So, what is the chance that an allele that goes to form an individual at time 𝑡𝑡𝑡𝑡 + 1 
is 𝐴𝐴𝐴𝐴? Well, if there were no selection, each allele would come from genotypes in 
proportion, so from 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 with chance 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2
, from 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 with chance 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡, and from 

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 with chance 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2

. With selection, we multiply by the selective advantage so 
the chances change to be proportional to (1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 , 2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡  and 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2 . 

We can re-write this as follows: 
  

The mathematics of natural selection 
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How do we use mathematics to study natural selection? In this article, we will de-
rive equations that will help us to calculate the probability of a gene being passed 
down in a population. You’ll even get the chance to try these equations out for 
yourself! 

 

 

 

 

A very simple model will show 
how to begin using mathematics 
to study natural selection. Sup-
pose a human-like organism has 
a single locus with two alleles, 𝐴𝐴𝐴𝐴 
and 𝐵𝐵𝐵𝐵, and call the frequencies 
𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴 and 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵, so 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵  =  1.   

If the population is large and 
random-mating, then the fre-
quencies of the diploid genotypes 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 and 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 will be 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴2, 
2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵 and 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵2 . That is because 
the chance of the each gamete 

that forms you being 𝐴𝐴𝐴𝐴 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴: to become 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, you need that to happen twice. The 
multiplicative law of probability says that two independent events happen with 
the product of the separate probabilities: the assumption of random mating 
makes the events independent, so we find the chance of being 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴2. But 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 
can be formed by 𝐴𝐴𝐴𝐴 from Mum, 𝐵𝐵𝐵𝐵 from Dad (probability 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵) or 𝐴𝐴𝐴𝐴 from Dad, 𝐵𝐵𝐵𝐵 
from Mum (also probability 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵), and the additive law of probabilities says that 
the probabilities of two disjoint events just add up, so the chance you're 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 is 
2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵. These results are part of the so-called Hardy-Weinberg theorem. 

The next step is to realise that natural selection is about 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴 and 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵 changing over 
time, and so we need to introduce notation for that. Assume time is discrete, so 
can take values 𝑡𝑡𝑡𝑡 =  0, 1, 2, 3, … and think of them as separate generations. Let's 
agree that 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  is the probability that if you randomly select an allele at time 𝑡𝑡𝑡𝑡, it 
is an 𝐴𝐴𝐴𝐴. Similarly for 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  is the probability that if you randomly select an allele at 
time 𝑡𝑡𝑡𝑡, it is a 𝐵𝐵𝐵𝐵. We know that for each 𝑡𝑡𝑡𝑡, 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 = 1.  

Where does selection come in? We have to assume that the genotypes 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 
and 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 have different numbers of offspring. We'll take a very simple case where 
𝐴𝐴𝐴𝐴 is dominant, so 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 have the same phenotype, while 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 is different. And let's suppose that 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 has two offspring on average while 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 have 
2(1 + 𝑢𝑢𝑢𝑢).  

 

𝑢𝑢𝑢𝑢 is the selective advantage: if 𝑢𝑢𝑢𝑢 =  0,𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 are the same; if 𝑢𝑢𝑢𝑢 >  0,𝐴𝐴𝐴𝐴 is ad-
vantageous; if 𝑢𝑢𝑢𝑢 <  0,𝐴𝐴𝐴𝐴 is disadvantageous. Note we assume that 𝑢𝑢𝑢𝑢 > −1.  
So, what is the chance that an allele that goes to form an individual at time 𝑡𝑡𝑡𝑡 + 1 
is 𝐴𝐴𝐴𝐴? Well, if there were no selection, each allele would come from genotypes in 
proportion, so from 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 with chance 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2
, from 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 with chance 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡, and from 

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 with chance 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2

. With selection, we multiply by the selective advantage so 
the chances change to be proportional to (1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 , 2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡  and 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2 . 

We can re-write this as follows: 
  

Chance that an allele comes from any genotype

    (1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2                                                                 (expand out the brackets) 

= 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 2𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2                                                                (rearrange the terms) 

=  𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡  +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2  +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�      (𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2  is the total frequencies of 

+                                                                                        alleles in the population at time 𝑡𝑡𝑡𝑡. This adds to 1)

=  1 +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                       (take out a factor of 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡) 

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  +  2𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                    (remember 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 = 1)

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡� 

This shows that the factor of 𝑢𝑢𝑢𝑢 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡), so the chances of a random gam-
ete (allele) coming from the three genotypes are: 

 

 

Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 

comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨   

(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)

  
𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

 

In order to then work out what the chances that a random gamete is 𝐴𝐴𝐴𝐴 we must 
calculate the chance that each parental genotype (𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 or 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵) gives an 𝐴𝐴𝐴𝐴. An 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 parent gives 𝐴𝐴𝐴𝐴 with probability 1, an 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 parent with probability 1/2, and a 
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 parent never provides an 𝐴𝐴𝐴𝐴. Therefore: 

The chance of an allele in the next generation  (𝒕𝒕𝒕𝒕 + 𝟏𝟏𝟏𝟏))  being an  𝑨𝑨𝑨𝑨  (i.e.  𝒑𝒑𝒑𝒑𝑨𝑨𝑨𝑨𝒕𝒕𝒕𝒕+𝟏𝟏𝟏𝟏)  

 

    (1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2                                                                 (expand out the brackets) 

= 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 2𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2                                                                (rearrange the terms) 

=  𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡  +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2  +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�      (𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2  is the total frequencies of 

+                                                                                        alleles in the population at time 𝑡𝑡𝑡𝑡. This adds to 1)

=  1 +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                       (take out a factor of 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡) 

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  +  2𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                    (remember 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 = 1)

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡� 

This shows that the factor of 𝑢𝑢𝑢𝑢 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡), so the chances of a random gam-
ete (allele) coming from the three genotypes are: 

 

 

Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 

comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨   

(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)

  
𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

 

In order to then work out what the chances that a random gamete is 𝐴𝐴𝐴𝐴 we must 
calculate the chance that each parental genotype (𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 or 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵) gives an 𝐴𝐴𝐴𝐴. An 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 parent gives 𝐴𝐴𝐴𝐴 with probability 1, an 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 parent with probability 1/2, and a 
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 parent never provides an 𝐴𝐴𝐴𝐴. Therefore: 

The chance of an allele in the next generation  (𝒕𝒕𝒕𝒕 + 𝟏𝟏𝟏𝟏))  being an  𝑨𝑨𝑨𝑨  (i.e.  𝒑𝒑𝒑𝒑𝑨𝑨𝑨𝑨𝒕𝒕𝒕𝒕+𝟏𝟏𝟏𝟏)  

 

    (1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2                                                                 (expand out the brackets) 

= 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 2𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2                                                                (rearrange the terms) 

=  𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡  +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2  +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�      (𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2  is the total frequencies of 

+                                                                                        alleles in the population at time 𝑡𝑡𝑡𝑡. This adds to 1)

=  1 +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                       (take out a factor of 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡) 

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  +  2𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                    (remember 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 = 1)

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡� 

This shows that the factor of 𝑢𝑢𝑢𝑢 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡), so the chances of a random gam-
ete (allele) coming from the three genotypes are: 

 

 

Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 

comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨   

(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)

  
𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

 

In order to then work out what the chances that a random gamete is 𝐴𝐴𝐴𝐴 we must 
calculate the chance that each parental genotype (𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 or 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵) gives an 𝐴𝐴𝐴𝐴. An 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 parent gives 𝐴𝐴𝐴𝐴 with probability 1, an 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 parent with probability 1/2, and a 
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 parent never provides an 𝐴𝐴𝐴𝐴. Therefore: 

The chance of an allele in the next generation  (𝒕𝒕𝒕𝒕 + 𝟏𝟏𝟏𝟏))  being an  𝑨𝑨𝑨𝑨  (i.e.  𝒑𝒑𝒑𝒑𝑨𝑨𝑨𝑨𝒕𝒕𝒕𝒕+𝟏𝟏𝟏𝟏)  

 

    (1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2                                                                 (expand out the brackets) 

= 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 2𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2                                                                (rearrange the terms) 

=  𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡  +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2  +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�      (𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2  is the total frequencies of 

+                                                                                        alleles in the population at time 𝑡𝑡𝑡𝑡. This adds to 1)

=  1 +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                       (take out a factor of 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡) 

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  +  2𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                    (remember 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 = 1)

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡� 

This shows that the factor of 𝑢𝑢𝑢𝑢 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡), so the chances of a random gam-
ete (allele) coming from the three genotypes are: 

 

 

Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 

comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨   

(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)

  
𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

 

In order to then work out what the chances that a random gamete is 𝐴𝐴𝐴𝐴 we must 
calculate the chance that each parental genotype (𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 or 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵) gives an 𝐴𝐴𝐴𝐴. An 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 parent gives 𝐴𝐴𝐴𝐴 with probability 1, an 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 parent with probability 1/2, and a 
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 parent never provides an 𝐴𝐴𝐴𝐴. Therefore: 

The chance of an allele in the next generation  (𝒕𝒕𝒕𝒕 + 𝟏𝟏𝟏𝟏))  being an  𝑨𝑨𝑨𝑨  (i.e.  𝒑𝒑𝒑𝒑𝑨𝑨𝑨𝑨𝒕𝒕𝒕𝒕+𝟏𝟏𝟏𝟏)  

 

    (1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2                                                                 (expand out the brackets) 

= 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 2𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2                                                                (rearrange the terms) 

=  𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡  +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2  +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�      (𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2  is the total frequencies of 

+                                                                                        alleles in the population at time 𝑡𝑡𝑡𝑡. This adds to 1)

=  1 +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                       (take out a factor of 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡) 

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  +  2𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                    (remember 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 = 1)

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡� 

This shows that the factor of 𝑢𝑢𝑢𝑢 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡), so the chances of a random gam-
ete (allele) coming from the three genotypes are: 

 

 

Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 

comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨   

(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)

  
𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

 

In order to then work out what the chances that a random gamete is 𝐴𝐴𝐴𝐴 we must 
calculate the chance that each parental genotype (𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 or 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵) gives an 𝐴𝐴𝐴𝐴. An 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 parent gives 𝐴𝐴𝐴𝐴 with probability 1, an 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 parent with probability 1/2, and a 
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 parent never provides an 𝐴𝐴𝐴𝐴. Therefore: 

The chance of an allele in the next generation  (𝒕𝒕𝒕𝒕 + 𝟏𝟏𝟏𝟏))  being an  𝑨𝑨𝑨𝑨  (i.e.  𝒑𝒑𝒑𝒑𝑨𝑨𝑨𝑨𝒕𝒕𝒕𝒕+𝟏𝟏𝟏𝟏)  

 

    (1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2                                                                 (expand out the brackets) 

= 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 2𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2                                                                (rearrange the terms) 

=  𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡  +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡

2  +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�      (𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡

2 + 2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
2  is the total frequencies of 

+                                                                                        alleles in the population at time 𝑡𝑡𝑡𝑡. This adds to 1)

=  1 +  𝑢𝑢𝑢𝑢�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2  +  2𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                       (take out a factor of 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡) 

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡  +  2𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡�                                                                                    (remember 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡 = 1)

=  1 +  𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡�1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡� 

This shows that the factor of 𝑢𝑢𝑢𝑢 is 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 +  𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡), so the chances of a random gam-
ete (allele) coming from the three genotypes are: 

 

 

Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 

comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨    Chance an allele 
comes from  𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨   

(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡
2

1 + 𝑢𝑢𝑢𝑢𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡(1 + 𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡)
  

2(1 + 𝑢𝑢𝑢𝑢)𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡
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We have just calculated the probability that a random gamete forming an individ-
ual in generation  𝑡𝑡𝑡𝑡 + 1 is an 𝐴𝐴𝐴𝐴. By definition that is  𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡+1. So, if we know 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴0, we 
can put it in the right hand side, and calculate 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴1, then apply the equation again 
with 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴1 on the right hand side, and calculate 𝑝𝑝𝑝𝑝𝐴𝐴𝐴𝐴2, and so on!! This ‘forever' quali-
ty is what makes difference equations so powerful. 
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To enter this competition, make sure you have first read ‘Mathematics of natural selection.’

COMPETITION 9: MATHEMATICS OF NATURAL SELECTION

Part 1: To trial the equation discussed in 
‘Mathematics of natural selection’, let’s 
assume that p�0 (the chance an allele is 
A at time ‘0’) is 0.4. How does p� t   change 
in the first 5 generations (t=1 to t=5) if 
u is:
• 0
• 0.4
• -0.4

Part 2: The results for 50 generations are plotted on the 
graph below. Study the graph, then answer the following 
questions, using the equations to help you:
• What is happening with the green line? 
• Why does the red line go to zero faster than the blue line 

goes to one?

Hint: look at the equation for p�t+1 and your own calcula-
tions – what is the factor p�t is multiplied by when u=+0.4 
versus when u=-0.4?

CLICK HERE TO 
SUBMIT YOUR 

ANSWER

Above: p�t as a function of time for three different values of u

Try to answer as many of 
these questions as possible. 
Your competition entry 
should show the work you did 
to arrive at your answers. We 
are happy to accept typed 
work as well as photos or 
scans of handwritten work, as 
long as this is clearly legible.

DID YOU ENJOY THIS ARTICLE?

You might be interested in the following course we 
offer at St John’s...
Maths

Hear from a St John’s student about studying Maths 
by clicking the link below...

Prepared by Cas Burton and 
Ana Wallis
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THE EVOLUTION OF GAS TURBINES
A gas turbine is a type of combustion engine that can con-
vert fuel into energy. How does this work, and how did this 
manner of producing energy come about? Read on to learn 
about how gas turbines evolved, and what role they play 
in our lives now…

The basic principles
Gas turbines use the possibility of transforming the inter-
nal energy of a fluid (associated with its temperature or 
pressure) into kinetic energy (associated with its velocity), 
and vice-versa.

In gas turbines these transformations are used 
to exchange energy in the form of mechanical 
work and heat with a steady stream of gas – usu-
ally air.

The air ingested by the gas turbine is passed 
through a compressor, which raises its tempera-
ture and pressure. More energy is added to the 
air emerging from the compressor by burning 
fuel in the combustor. The air exiting the com-
bustor carries a huge amount of energy. Part of 
this energy is recovered through a turbine to 
drive the compressor and the engine auxiliary equip-
ment (Figure 1). The remaining energy is available 
to form a propulsive jet, which can be used 
to push forward an aircraft, like in a 

jet engine, or to drive a turbine to make 
power available on a shaft, like in a ship or 
in a power station.

Modern gas turbines are immensely pow-
erful: the fan of each of the engines pow-
ering a long haul aircraft like a Boeing 777 
use 65 MW of power (Figure 2). This is 
roughly equivalent to 1000 family cars. They 
are also very efficient: a long-haul flight 
uses the same amount of fuel per passen-
ger per mile as a motorway car journey. But 
it takes place at nearly the speed of sound! 

 Origins
The first recognizably modern gas turbine 
was described in a US patent application in 

1899. The first gas turbine able to produce 
power was built in 1903 in Norway. The first 

work on the theory of gas turbines was published 
by A.A. Griffith, at the Imperial College of Science, 

Medicine and Technology (now Imperial Col-
lege London) in 1920. 

World War II
In 1931 a little known RAF flight officer, Frank Whittle (later 
Sir Frank), patented a gas turbine design where the energy 
produced by the gas turbine was used to form a jet that 
could propel an aircraft. The new engine was more suited 
than piston engines for high altitude and high-speed flight.

World War II started soon after. While Whittle struggled 
to secure resources to develop his idea, both allied and 
enemy powers started their own gas turbine programmes. 
In Germany, Hans Pabst von Ohain flew the first jet pow-
ered aircraft in 1939. The first US jet engine flew in 1940. 
Whittle’s first jet engine flew in 1941. 

Figure 1: Components of a typical gas turbine aeroengine

Figure 2: A KLM Boeing 777 with two large turbofans. The installation of the 
engines in nacelles under the wing is typical of modern commercial aircraft.

Figure 3: The Rolls-Royce Derwent - 1943

Figure 4: Frank Whittle (L) and Hans Pabst von Ohain (R).

Subjects covered: 
Engineering, Physics

Click here to read 
this article on 
Inspire Digital!
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Rover, the car company, was given the task to produce 
Whittle’s engine.  Rover’s management and Whittle were 
barely talking to each other by 1942 and Ernest Hives (later 
Lord Hives), the general manager of Rolls-Royce, persuad-
ed Rover’s managing director Maurice Wilks to transfer 
the whole operation to Rolls-Royce, in exchange for a tank 
engine factory near Nottingham. Soon the UK had the 
world’s first operational jet engine, the Rolls-Royce Wel-
land, followed by the Derwent (Figure 3) and the Nene. 
Two of the engineers involved, Adrian Lombard and Stan-
ley (later Sir Stanley) Hooker from Rolls-Royce, went on to 
lead the design of most UK civil and military engines of the 
following thirty years. Hooker was an Imperial College grad-
uate and had come to Oxford to study for a DPhil at Bra-
senose College.

The struggles to develop his idea in wartime with modest 
resources took a heavy toll on Whittle. He left the RAF in 1948 
and emigrated to the US in 1977 where he died of lung cancer 
in 1996. He met von Ohain in 1966 in the US and the two men 
became good friends despite Whittle’s early suspicions.

The Cold War
Whittle’s designs were based on centrifugal compressor, 
where the air moves radially outwards and must turn to 

enter the combustor. Compressors of this type have fa-
vourable characteristics for small mass flow rates, but they 
become less efficient when the machine is scaled up to 
power a bigger aircraft. In the years after World War II all 
the major engine programs started using axial compressors 
where the air flows in a roughly straight path, like in the 
Rolls-Royce Avon shown in Figure 5. The push towards 
bigger and more powerful engines came from the demands 
of a new phase in the world history: the Cold War.

Early jet engines were used mainly for small fighter planes, 
because poor fuel economy made them unsuitable for 
larger aircraft. Improvements in aerodynamics and mate-
rials meant that soon jet engines became suitable for large 
aircraft, such as heavy bombers. Jet-powered nuclear bomb-
ers became one of the three legs of the principle of nucle-
ar deterrence during the Cold War: the other two were 
nuclear-powered submarines and intercontinental ballistic 
missiles (ICBMs).

The need to penetrate enemy territory with relative impu-
nity led to the development of faster and faster bombers 
– and fighter aircraft in response. As the power required 
of the jet engines increased, so did the amount of work 
done by the compressor. It soon became apparent that the 

compressor could be operated stably 
over a wide range of conditions only if it 
could be split into two sections, rotating 
at different speeds and each driven by a 
separate section of the turbine. This marked 
the introduction of multi-spool engines, 
like the Pratt & Whitney J57 or the Bristol 
Olympus, the engine of the Concorde.

Commercial aviation and the bypass 
engine
The fuel economy of a jet engine can be 
improved by reducing the speed of the 

jet it produces and by increasing its mass flow rate. An 
effective way of doing this is by passing only a small fraction 
of the air ingested by the engine through its core and com-
pressing the rest through a compressor of large capacity 
but low pressure ratio. The ratio between the mass flow rate 
ingested by the engine and the mass flow rate passed 
through the core is called bypass ratio.

Griffith had first proposed this layout in 1947. An engine 
based on this idea first ran in 1952 and evolved into the 
Rolls-Royce Conway (Figure 6). The Conway and its com-
petitor the Pratt & Whitney JT8D powered the Boeing 707 
and the DC8, which opened the age of mass air travel. They 
also powered many military aircraft of the time.

At the end of the 1960s all major airframers were contem-
plating wide-body commercial aircrafts capable of carrying 
200 or more passengers over distances in excess of 5000 
nautical miles to satisfy the increasing demand for air trav-
el. Engine manufacturers responded by proposing new 
engines with high bypass ratios. The challenges of devel-
oping such an engine are formidable and require vast in-
vestments, immense skills and a strong leadership. Adrian 
Lombard, who had overseen the development of Rolls-
Royce engines since immediately after the war, passed 

Figure 6: The Rolls-Royce Conway

Figure 5:  The Rolls-Royce Avon - 1950
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away suddenly in 1967. Four years later Rolls-Royce de-
clared bankruptcy on February 4th, 1971 because of the 
cost overruns associated to its first high-bypass engine, the 
RB211 (Figure 7). The news shared the front page of the 
New York Times with coverage of the successful landing of 
Apollo 14. The Lockheed L-1011, for which the RB211 was 
intended, almost bankrupted Lockheed in turn. The RB211 
went on to become a successful and reliable engine under 
the stewardship of Stanley Hooker, who had left Rolls-Royce 
for Bristol in 1963. Rolls-Royce – minus the original car 
business - returned into private ownership soon after and 
grew to secure about half of the large engine civil market. 

What the future holds

The multi-spool turbofan layout that has dominated the 
skies for the last forty years has reached its limit: it is no 
longer possible to drive a large and powerful fan with a 
reasonably sized turbine.

In order to overcome this problem, Pratt & Whitney invest-
ed considerable resources in developing a geared turbofan, 

the PW 1100 (Figure 8). In this engine the fan and the 
turbine driving it can spin at different speeds. The added 
weight of the gear box (which has to handle about 40MW 
in a device the size of a medium frying pan) is compensat-
ed by the increased efficiency and reduced weight of the 
turbine.

All major manufactures are investing in their own designs 
for geared fans.
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Figure 7:  An early production Rolls-Royce RB211-524

Figure 8: A Pratt&Whitney PW1100 static display. This is the first large civil 
engine with a gearbox to drive the fan and the LP turbine at different speeds.

WHERE TO READ/WATCH MORE

Websites, visits, activities:
The Rolls-Royce Heritage Trust hosts a number of 
resources for STEM students and teachers.

Books:
The Jet Engine, Rolls-Royce, 4th edition, 1986, 
ISBN 0902121049

Introductory STEM material and activites:
Rolls Royce - STEM

Cool videos: 
Fan blade off test!

DID YOU ENJOY 
THIS ARTICLE?

You might be interested 
in the following courses 
we offer at St John’s...
Engineering
Physics

Engineering

Engineering

Physics

Hear from St John’s 
students talking  about 
studying Engineering or 
Physics by clicking the 
links on the right...

https://sjcinspire.com/students/year-11-inspire-programme/
https://www.instagram.com/sjc_access/
http://www.twitter.com/sjc_access
https://www.facebook.com/sjc.oxford/
https://www.sjc.ox.ac.uk/
mailto:inspire%40sjc.ox.ac.uk?subject=
https://sjcinspire.com/
https://sjcinspire.com/
https://www.ox.ac.uk/oxfordforSE
https://www.sjc.ox.ac.uk/discover/people/dr-luca-di-mare/
https://r-rht.com/learn-and-explore/
https://careers.rolls-royce.com/united-kingdom/stem
https://www.youtube.com/watch?v=j973645y5AA
https://www.youtube.com/watch?v=j973645y5AA
https://www.sjc.ox.ac.uk/study/undergraduate/subjects/engineering/
https://www.sjc.ox.ac.uk/study/undergraduate/subjects/physics-and-joint-schools/
https://www.youtube.com/watch?v=2I46eeHhRPk&feature=youtu.be
https://www.youtube.com/watch?v=2I46eeHhRPk&feature=youtu.be
https://www.youtube.com/watch?v=7DJcieG7H8w&feature=emb_logo
https://www.youtube.com/watch?v=7DJcieG7H8w&feature=emb_logo
https://www.youtube.com/watch?v=vFziqElMIs8&feature=emb_logo
https://www.youtube.com/watch?v=vFziqElMIs8&feature=emb_logo


CLASS 3:
EVOLUTION, SCIENCE AND TECHNOLOGY

YEAR 10 & 11 INSPIRE PROGRAMME

PAGE 17 / 17inspire@sjc.ox.ac.uk
sjcinspire.com

Designed by Lucy Walters Back to contents

COMING UP ON THIS COURSE
Remember to submit your Class 3 competition entries by Monday 29 March 2021! Click here to see the 
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the winners of Class 3 competitions will be announced in mid-April!

The evolution of the coffee cup lid

FURTHER READING

Four billion years of evolution in six minutes What is so special about the human brain?

What is consciousness?
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