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WHAT IS GRAPH THEORY? 

Graphs are mathematical models, representing a network through relationships between 

lines (edges) and points (vertices). Graphs were first introduced by Swiss mathematician 

Leonhard Euler, through his solution to the Konigsberg Bridge Problem in which he repre-

sented the bridges as edges and points on land as vertices. Today, Euler’s graph theory has 

been expanded on by other mathematicians such as Dijkstra and Prim, hence expanding its 

applications into chemistry (representing molecular bonds), computing (demonstrating net-

works), social sciences (showcasing friendships/spreading rumours etc.) and more. 
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A simple graph is a graph with no loops and at most one edge con-

necting any pair of vertices 

In a connected graph, a path can be found between any two vertices 

A cycle is a route through a graph (walk) in which the end vertex is 

the same as the start and no other vertex is visited more than once 

A Hamiltonian Cycle is a cycle that includes every vertex 

The degree of a vertex is the number of edges incident to it 

If edges in a graph have a direction associated with them, 

the graph is known as a digraph 

A path is a walk where no vertex is visited 

more than once (e.g. RSUVW) 

A walk is RSUWVU 

A Hamiltonian Cycle is RSUVWTR 
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Google maps cannot read maps; it in-

stead uses algorithms on graphs to calcu-

late the shortest routes. Fig3 is an exam-

ple for how a map is converted into a 

graph—with edges representing roads 

and vertices representing junctions. The 

road network can be represented as a 

weighted digraph, as each edge has a 

weight associated with it (its length) 

whilst some edges have a direction asso-

ciated it (e.g. one way roads). Dijkstra’s 

Fig3 

find the shortest path from S to T through a network. The algorithm makes use of la-

bels, by starting at the initial vertex and moving through the network, putting tempo-

rary labels on each vertex. Each pass finds the shortest route to one of the vertices 

and records its final label until the final destination is achieved. Floyd’s algorithm can 

be used to find the shortest path between every pair of vertices in a network. It makes 
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In 1991, Scott L. Feld made an interesting discovery, demonstrating 

that your friends are, on average, more popular than you. This phenom-

enon can be proved using graph theory, with individuals being repre-

sented as vertices and friendships as edges. Here is a friend network: 

   In this social network, the relationships between 5  

   people are depicted. V is the set of vertices and E is the 

   set of edges. In this network: 

    |V| = 5 since there are exactly 5 vertices 

    |E| = 7  since there are exactly 7 edges 

   The number of friendships for a given vertex v is d(v),  

  

 or 

the degree of 

the vertex 

(e.g. d (2) = 3) 

The average 

num- ber of 

friends of a random person in the graph is: 

 

 

 

 

 

d(1) = 4 friends

  

 d(3) = 2 

friends  

  d

(5) = 2 friends 

d(2) = 3 friends

  

 d(4) = 3 

friends 

In total, we have 

d(v) rec- ords 

stating how many friends v has, while each of 

those records states v has d(v) friends. Therefore, 

every vertex v contrib- utes d(v)2 to the number of 

friends on all records. 

 

 

Euler’s handshaking lemma states that for every finite, 

undirected graph: 

 Sum of de- grees = 2 × The 

number of edges 

 

 

 

Leonhard Euler proved this statement on the Seven  

 

 

 

 

 

 

The Seven Bridges of Konigsberg, located in Russia, was where Leon-

hard Euler laid the foundations of graph theory in 1736. On taking a 

walk through Konigsberg, he wondered whether it would be possible to 

cross every bridge exactly once. He translated this problem into the 

first graph, with the bridges being modelled as edges and points on the 

land as vertices. The graph above is an isomorph of what Euler’s origi-

nal graph would’ve looked like (a graph showing the same information 

but drawn slightly differently). Euler made a number of discoveries 

through this , as well as solving the infamous bridge problem: 

A network is traversable if you can trace the shape without lifting your 

pen and without going over a side more than once.  

An Eulerian graph is a traversable graph. It includes a trail (a walk 

where no edge is visited more than once) that includes every edge and 

starts and finishes at the same vertex. Any connected graph whose 

vertices are all even degree is Eulerian 

A semi-Eulerian graph (semi-traversable) contains a trail that includes 

every edge but starts and finishes at different vertices. Any connected 

graph with exactly two odd vertices is semi-Eulerian. 

Going back to the bridges: Vertex A has degree 5 (odd), B has degree 
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