
1) Hubble's Law states that for every 3.3 million light-years of distance 
from the Milky Way, a galaxy recedes from us at an additional 70 km/s. 
Estimate the age of the universe. (The speed of light is 300,000 km/s.) 
 
Given the speed of light, 3.3 million light-years (the distance light 
travels in 3.3 million years) is 3.1e19 km. If a galaxy at that distance 
is moving away from us at 70 km/s, then it was on top of us 3.1e19/70 = 
4.5e17 seconds ago, which is 14 billion years. This is the age of the 
universe up to small corrections that account for the fact that the Hubble 
parameter, describing the rate at which galaxies move apart, varies with 
time according to the evolving densities of the components of the universe 
and the equations of General Relativity. Note that observing a galaxy at 
any distance from us leads to the same result: if its distance is x km 
then its recession speed is (x/3.1e19)*70 km/s, which leads to a 
characteristic time x/((x/3.1e19)*70) = 3.1e19/70 seconds. Further, one 
would reach the same conclusion no matter which galaxy one is observing 
from: we say that the universe's expansion is "homogeneous" and 
"isotropic". 
 
 
2) 2.2e-18 Joules are required to separate the proton and electron that 
constitute hydrogen. How big are atoms? (The charge of an electron is 
1.6e-19 C.) 
 
From Coulomb's law, the potential energy of the interaction between a 
proton and electron is k q1 q2/r where q1 and q2 are the individual 
charges and k = 9.0e9 N m^2 C^{-2}. Equating this to the energy required 
to separate them (when more energy than this is applied they are no longer 
bound) we find r = 1.0e-10 m, i.e. 0.1 nanometres. Atoms come in somewhat 
varying sizes due to their different electronic configurations, but this 
is their characteristic length. Note that this "Solar System" model of 
atomic structure, with the electron orbiting the nucleus at fixed 
distance, was superceded in the early 20th century by the quantum-
mechanical picture in which the electron's wavefunction is smeared out 
across the region around the nucleus. It still gives a reliable answer to 
this question though. 
 
 
3) Our Solar System is at a distance 2.5e17 km from the centre of our 
galaxy, the Milky Way, and orbits it at a speed of 220 km/s. Estimate the 
total mass enclosed within the orbit of the Sun. Around fifty billion 
stars are located in this region -- is stellar matter all there is? (The 
mass of the Sun is 2e30 kg.) 
 
Assuming a circular orbit of radius r, and equating the centripetal force 
on an orbiting star to the gravitational force due to the mass M enclosed, 
we have G M/r^2 = v^2/r. Plugging in the numbers we find M = 1.8e41 kg. 
This is the total (dynamical) mass. The enclosed stellar mass is ~1.0e41 
kg, which means almost as much invisible matter is required as stellar 
matter to explain the Solar System's motion within the galaxy. We call 
this "dark matter", and its identity is one of the major unsolved problems 
in cosmology today. (There is a negligible amount of mass in gas. Note 
that in this solution we have assumed the stellar disk sources a 
gravitational field similar to that of a sphere or point mass, that speeds 
are low enough and gravitational fields weak enough for Relativity not to 
be important. These are both good approximations. We have also used 
Newton's theorem that the net gravitational force due to matter in a 
spherically symmetric distribution that lies outside the circular orbit of 
a test particle is zero.) 
 
 
4) To grow vegetables in England, it's useful to know that the average 
solar irradiance during the day is 130 W/m^2. This is around 10% of what 
one could expect without clouds. Given that the mass of a Hydrogen 
nucleus, Helium nucleus and the Sun are 1.67e-27 kg, 6.64e-27 kg and 2e30 
kg respectively, calculate the rate at which Hydrogen atoms are fusing 
into Helium in our star. 
 



The total solar irradiance at the Earth is 1300 W/m^2. From the orbital 
period T of the Earth (one year), and equating centripetal and 
gravitational accelerations, we find that the distance to the Sun is (T^2 
G Msun/(4 pi^2))^(1/3) = 1.5e11 m. The Sun's light is distributed evenly 
over the surface of a sphere, so its total power must be 1300 * (4 pi 
(1.5e11)^2) = 3.7e26 W. Now, the energy released in the fusion of 4 
Hydrogen nuclei into one Helium nuclues is sourced by the loss of mass in 
the process. Given E=mc^2, this energy is (4*1.67e-27 - 6.64e-27)*(3e8)^2 
= 3.6e-12 J. To generate 3.7e26 Joules each second, this reaction must 
happen 1.0e38 times. The number of Hydrogen nuclei fused each second is 
therefore around 4e38. And a good thing too, for the vegetables. 
 
 
5) The nearest star to the Sun, Proxima Centauri, appears to move through 
an angle of 0.00043 degrees (relative to the distance stars) between June 
and December. How far away is it? (The distance to the Sun is 150 million 
km.) 
 
Between June and December the Earth moves from one side of the Sun to the 
other. Assuming the Sun doesn't itself move significantly during this 
period, this is a distance of 3e11 m. Consider a triangle with a right 
angle at the Sun, one side from the Sun to the Earth in either June or 
December, and another side from the Sun to Proxima Centauri. The length of 
the first side is 1.5e11 m and the second is the distance D that we're 
interested in. The angle of the triangle at Proxima Centauri is 0.00043/2 
= 0.000215 degrees. Using the small-angle formula for tan, and converting 
from degrees to radians, we find 0.000215*pi/180 = 1.5e11/D, which implies 
D = 4e16 m = 4.2 light-years. 
 
This method for determining distances to celestial bodies is known as 
"parallax" and is a crucial tool in astrometry. It's even used to define 
the standard unit of distance in astronomy and cosmology, the "parsec" 
(pc), which is the distance at which the parallax angle (0.000215 degrees 
in our example) is 1 arcsecond = 1/3600 degrees. The distance to Proxima 
Centauri is therefore 1/(0.000215*3600) = 1.3 pc. 
 
 
6) The Arctic is mainly ice on water, and the Antarctic mainly ice on 
land. Which contributes more to sea level rise given global warming? 
 
Consider a lump of ice floating in water (in the Arctic). According to 
Archimedes' principle, a volume V of water is displaced such that the 
weight of displaced water equals the weight of the ice. If the ice block 
has volume V_i, then rho_i V_i = rho_w V, so the increase in water volume 
due to the presence of the lump is rho_i V_i / rho_w. Now suppose the ice 
melts due to an increase in temperature. What volume of water V_w does it 
become? Since mass is conserved, we must have rho_i V_i = rho_w V_w. This 
is exactly as above, so V_w = V. In other words the overall water level 
does not change when the ice melts, so if the ice in the Arctic is 
entirely in the water there is no increase in sea level. Conversely, in 
the Antarctic all of the melted ice flows into the water and increases the 
sea level.  
 
 
7) During a Solar eclipse the moon almost precisely blocks out the light 
from the Sun. The distance to the moon is 384,400 km and to the Sun is 150 
million km, and the radius of the moon is 1,740 km. How big is the Sun? 
 
The triangles formed by the radius of the moon and distance to the moon, 
and radius of the Sun and distance to the Sun, are (almost) congruent, 
implying that the ratio of their sides is the same: Rsun/Dsun = 
Rmoon/Dmoon. Given the numbers, this implies Rsun = 6.8e5 km. (The Sun is 
actually a tiny bit bigger than this, implying that the disk of the moon 
doesn't quite cover all of the disk of the Sun.) 
 
 
8) The "HI" line of atomic hydrogen has a frequency of 1420 MHz in the 
lab, but from a particular galaxy is observed to have a wavelength of 
23cm. What is the velocity of that galaxy relative to us? Recalling 



Hubble's law (for every 3.3 million light-years of distance from the Milky 
Way, a galaxy recedes from us at an additional 70 km/s), estimate its 
distance. (The speed of light is 3e8 m/s.) 
 
The wavelength of the line in the lab is 3e8/1.42e9 = 0.211 m = 21.1 cm. 
The light has therefore been redshifted by a factor 23/21.1 = 1.09. From 
the formula for the Doppler effect, this implies 1+v/c = 1.09, so v = 
0.09*3e8 = 2.7e7 m/s. This makes its distance 3.3e6 * 2.7e4/70 = 1.3e9 
light-years. This phenomenon, known as "cosmological redshift", is the 
standard method for determining distances to faraway galaxies. (Note that 
we have neglected the galaxy's "peculiar velocity", i.e. we have assumed 
that its velocity relative to us is entirely due to the expansion of the 
universe. This is a good approximation for more distant galaxies.) 
 
 
9) In theory there's a thin layer in the atmosphere where all the helium 
balloons that kids accidentally release go. Estimate the location of this 
given that the scale height of the atmosphere -- the height over which 
atmospheric pressure falls by a factor of e -- is about 8 km. (The density 
of helium is 0.18 kg/m^3 while that of air is 1.2 kg/m^3 at sea level; 
assume temperature does not vary significantly over several scale 
heights.) Is there any chance of being able to see the balloons up there? 
The angular resolution of the human eye is about 1/60 degrees. 
 
If air is close to an ideal gas, PV = NkT. Dividing through by volume, P = 
nkT = rho/m kT, where n is the number density of molecules and m is a 
weighted average molecule mass. This shows that if T is constant, rho and 
P are proportional. Now a helium balloon will stop rising when the weight 
of air it displaces is equal to its own weight. This requires rho_He = 
rho_air. We have rho_air(h) = rho_air(0) exp(-h/8 km), so for rho_air(h) = 
rho_He, exp(-h/8 km) = 0.18/1.2 = 0.15, which implies h = 15 km. A 
generously-sized balloon of diameter 0.5 m subtends an angle 0.5/15000 = 
3.3e-5 rad = 0.0019 degrees at this height, which around 9x too small to 
be resolvable with the naked eye. I wonder if you could see them with 
binoculars... 
 
 
10) The surface gravity of the moon is 1.6 m/s^2. How high could you jump? 
 
I can't really answer this because I don't know how high you can jump on 
Earth, but let's suppose you're the kind of average person who can jump 
0.4 m. How does this scale with surface gravity? From basic kinematics, 
h(t) = ut-1/2at^2 where u is your upward velocity as you leave the ground 
and a is the downward acceleration. At the highest point, v(t) = u-at = 0, 
which implies t = u/a. Plugging this in above we find h_max = 1/2 u^2/a. 
Thus the maximum jump height is inversely proportional to the 
acceleration, implying a maximum moon jump of 0.4*9.8/1.6 = 2.45 m. 
 
 
11) The first light (the "Cosmic Microwave Background") was emitted when 
the volume of the universe was a billion times less than it is today. We 
observe these photons with a temperature of 2.7 K. What was the 
temperature of the universe when they were emitted? 
 
The temperature of a photon (more generally the energy of any wave) is 
proportional to its frequency, which is inversely proportional to its 
wavelength. The wavelength of a photon is stretched by the expansion of 
the universe ("cosmological redshift"). If the volume of the universe was 
a billion times less when the Cosmic Microwave Background was emitted than 
it is now, the universe has since expanded by a linear factor (1e9)^(1/3) 
= 1000. Thus the photons' wavelengths were 1000 times smaller when they 
were emitted and hence their temperatures 1000 times larger, i.e. 2700 K. 
At this early stage in the universe's violent past, the ambient 
temperature of space was well in excess of the melting point of iron! 
 
 
12) The surface of a black hole (the "event horizon") is the radius at 
which not even light is fast enough to escape. Calculate the size the 



Earth would have if it collapsed into a black hole. (The mass of the Earth 
is 6.0e24 kg.) 
 
When an object of mass m leaves the surface of a body of radius R and mass 
M at the escape velocity, its total kinetic energy is just sufficient for 
it never to fall back in; i.e. it reaches infinity with zero velocity. 
This requires that its total (kinetic + potential) energy be positive: 
1/2mv_esc^2 = GMm/R. For v_esc = c, the speed of light, this requires R = 
2GM/c^2. Plugging in the numbers gives R = 0.0089 m = 8.9 mm. This is the 
size of a pea! R is known as the "Schwarzschild radius" of the black hole, 
which as chance would have it has recently been imaged observationally for 
the first time: https://eventhorizontelescope.org. Note that this 
Newtonian calculation really shouldn't be valid around black holes, whose 
gravitational fields are so strong that classical mechanics breaks down, 
but by a fortuitous coincidence the answer is exactly the same in General 
Relativity. 
 
 
13) According to quantum mechanics, all bodies exhibit wave-like 
behaviour. The scale over which this behavious is manifest is known as the 
body's "Compton wavelength", which for a non-relativistic speed v is given 
by h/mv, where m is the body's mass and h is Planck's constant, 6.6e-34 
m^2kg/s. Calculate this for the electron in hydrogen orbiting the nucleus, 
and for you when you're walking. Why don't we experience quantum phenomena 
in everyday life? (The mass of an electron is 9.1e-31 kg, the charge of an 
electron is 1.6e-19 C and the size of a hydrogen atom is 1e-10 m.) 
 
Using the Solar System model of atomic structure, the centripetal 
acceleration of the electron around the proton is provided by the Coulomb 
attraction. This requires mv^2/r = ke^2/r^2 where m is the electron's 
mass, v its velocity, e its charge and k is the Coulomb constant 9.0e9 N 
m^2 C^(-2). Solving for v, we find 1.6 m/s. Plugging this into the formula 
for the Compton wavelength gives 4.6e-10 m. This is a few times the size 
of the atom itself, showing that atoms are inherently quantum-mechanical 
objects. Assuming you're an average person of mass 70 kg and you walk at 
1.5 m/s, your Compton wavelength is 6.3e-36 m. I can't think of anything 
even remotely this small: the size of a proton is ~1e-15 m. Since your 
Compton wavelength is so much smaller than your size, you will never see 
or experience your quantum-mechanical nature. 
 
 
14) You are in a lift accelerating downwards at 9 m/s^2. You drop a ball. 
What happens to it? The lift then begins accelerating faster, first at 9.8 
m/s^2 and then at 11 m/s^2. What does the ball do in each case? Describe 
you own sensations during this period. 
 
Relative to the Earth, the ball accelerates downwards at a rate g = 9.8 
m/s^2. However, the lift itself is accelerating downwards at 9 m/s^2, so 
relative to the lift (and you in it) the ball accelerates at only 0.8 
m/s^2. Thus it appears to fall to the floor rather slowly. You yourself 
fall only slowly too, which gives you the feeling that your weight has 
been dramatically reduced. When the lift begins accelerating at 9.8 m/s^2 
the ball does not fall at all. Nor do you: you are weightless and float 
around in the lift. When the lift has reached its final acceleration you 
and the ball both accelerate _upwards_ at 1.2 m/s^2 relative to lift 
walls. Gravity now seems to be acting in the wrong direction. 
 
This is the thought experiment that led Einstein to his "equivalence 
principle" between gravity and acceleration. He realised that since 
everything falls at the same rate, there is no way to distinguish between 
uniform acceleration and a uniform gravitational field. Everything behaves 
exactly the same on the surface of the Earth as it does on a spaceship 
accelerating at g in deep space. He reasoned from this that gravitation 
and acceleration are actually two sides of the same phenomenon. Thus 
gravity is not as an external force, like electromagnetism, but rather, 
like acceleration, a property of the kinematic relation between objects, 
and hence of spacetime itself. 
 
 



15) You are in a windowless ship travelling smoothly across the water. 
Describe how you could determine your velocity. 
 
Trick question: you can't. Back in the days of Geocentrism, a standard 
argument against the idea of the Earth orbiting the Sun was that if the 
Earth moved, a ball dropped from the top of a tower would not land at the 
tower's base because the ground would have moved by the time the ball 
reached it. But if you are in a ship and you drop a ball, does it land in 
the direction opposite the ship's motion? Galileo used this thought 
experiment (https://en.wikipedia.org/wiki/Galileo%27s_ship) to argue that 
we would _not_ observe odd things like this were the Earth moving, and 
hence that there is no argument here against Heliocentrism. This later 
became enshrined in his principle of relativity (now called "Galilean 
relativity" to distinguish it from Einstein's), which states that it is 
impossible by means of any physics experiment to determine one's velocity, 
provided it is constant. 
 
 
16) Galaxies are thought to be surrounded by huge spheres of dark matter 
called halos. Assuming the density of the dark matter is proportional to 
r^-n, where r is the distance from the halo centre, calculate the value of 
n required for the rotation velocity of a star to be independent of its 
distance from the centre of the halo and hence generate the "flat rotation 
curve" that observations suggest. 
 
The rotation velocity satisfies GM(R)/R^2 = V^2/R, with R the distance 
from the halo centre and V the rotation velocity. M(R) is the halo mass 
enclosed within R, which is calculated by integrating the density: M(R) = 
K R^(3-n) where K is a constant. Hence V^2 is proportional to R^(2-n), so 
for V to be independent of R we require n=2. This is known as an 
"isothermal density profile" and is close to that expected for dark matter 
halos. 
 
 
17) Instead of postulating the existence of dark matter to explain galaxy 
dynamics, some theories seek instead to modify the laws of gravity or 
inertia. One of them ("Modified Newtonian Dynamics", or MOND) proposes 
that Newton's second law is only approximately valid at relatively high 
accelerations, and at low acceleration takes instead the form F = 
m(a/a0)^n where a0 is a fundamental constant. For a roughly spherically-
symmetric galaxy of mass M, what value of n is required for a flat 
rotation curve? 
 
Substituting the gravitational force and centripetal acceleration into the 
MOND relation, GM/R^2 = (V^2/(R a0))^n. Solving for velocity: V^(2n) = GM 
a0^n R^(n-2). For V to be independent of R requires n=2. Thus MOND 
explains galaxies' flat rotation curves by setting force proportional to 
acceleration squared in the very low acceleration environments of 
galaxies' outskirts. 
 
 
18) You drill a hole through the centre of the Earth to other side and 
drop a ball down. What does it do? 
 
Think in terms of energy. When you release the ball it has a potential 
energy of G m_b M_E/R_E (m_b is the mass of the ball), which gets 
converted to kinetic energy as it falls. At the Earth's centre the 
potential energy is 0 so the speed is sqrt(2 G M_E/R_E). When the ball 
reaches the Earth's surface on the other side it again has potential 
energy G m_b M_E/R_E, so its speed must be zero. Hence it turns around and 
repeats this cyclic motion endlessly (in the absence of any air 
resistance). If you're up to it, try calculating the position as a 
function of time assuming the Earth's density is roughly uniform. Can you 
find the period of the oscillations? 
 
 
19) What velocity must an ambulance have for its the frequency of its 
siren to halve as it passes you? 
 



From the Doppler formula, f1 = (1+v/c)f0 as the ambulance is coming 
towards you (f0 is its rest frame frequency), and f2 = (1-v/c)f0 as it's 
moving away. Hence f2/f1 = (1-v/c)/(1+v/c) = 1/2, which implies v = c/3 = 
1e5 km/s. I guess that's not going to happen any time soon... 
 
 
20) Special Relativity predicts that moving clocks run slow. How can you 
travel into Earth's future? 
 
Simply get in a spaceship, travel near the speed of light for a while and 
then return. You will have aged less than people and things on the Earth, 
so you'll effectively have moved into their future. This is the famous 
"twin paradox". 
 
 
21) General Relativity predicts that massive objects deflect light towards 
them in just the same way as they deflect particles. This is known as 
"gravitational lensing". Suppose there is a light source behind a black 
hole in the distant universe -- how will the light from that source appear 
to us? 
 
We will see a ring of light around the line of sight to the black hole and 
light source. To convince yourself of this draw a ray diagram: the black 
hole acts just like a regular lens (hence the name). 


